Abstract. In this paper we introduce a two-component system, depending on a parameter b, which generalises the Camassa-Holm (b = 1) and Novikov equations (b = 2). By investigating its Lie algebra of classical and higher symmetries up to order 3, we found that for b = 2 the system admits a 3-dimensional algebra of point symmetries and apparently no higher symmetries, whereas for b = 2 it has a 6-dimensional algebra of point symmetries and also higher order symmetries. Also we provide all conservation laws, with first order characteristics, which are admitted by the system for b = 1, 2. In addition, for b = 2, we show that the system is a particular instance of a more general system which admits an sl(3, R)-valued zero-curvature representation. Finally, we found that the system admits peakon solutions and, in particular, for b = 2 there exist 1-peakon solutions with non-constant amplitude.
Introduction
Since the seminal paper by Camassa and Holm [8] , hundreds works have been devoted to several aspects of nonlocal evolution equations of the Camassa-Holm (CH) type, such as: integrability, in the sense of the existence of infinite symmetries [13, 23, 33, 34, 35] , existence of bi-hamiltonian formulation and Lax pairs [13, 23, 35, 37] , and existence of (multi-) peakon solutions [13, 23] . Further aspects of these classes of equations have also been widely investigated from many different points of view, see [16, 17, 18, 21, 29] . Also, some works considering systems with many components of CH type equations have been of interest, see e.g. [15, 22, 31] .
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More recently, equations with parameter-dependent nonlinearities have been considered, see for instance [3, 10, 11, 19, 20] , where families of equations unifying both Camassa-Holm and Novikov equations [23, 35] are studied.
Motivated by the works [3, 10, 11] , in this paper we consider the system    
where u = u(x, t), v = v(x, t), m = u − u xx and n = v − v xx are referred to as the momenta and b ∈ R.
System (1) is invariant under the change (u, v) → (v, u). In particular, when u = v the system reduces to
Interestingly, equation (2) reduces to CH equation for b = 1, and to Novikov equation for b = 2. Therefore, one may consider system (1) as a two-component generalisation of both CH and Novikov equations. Equation (2) is just the equation deduced in [10] , by using symmetry arguments and techniques introduced in [24, 25] . In [11] equation (2) was also re-obtained by imposing invariance under scalings and the existence of a certain multiplier (see [1, 2] for further details). Later, in [3] it was proved that (2) admits peakon and multi-peakon solutions. Other properties of (2) were also investigated by Himonas and Holliman in the paper [18] , by embedding it into a two-parameter family of equations.
In this paper we shall investigate system (1) from several points of view. In Section 2 we compute symmetries and conservation laws. In particular, we investigate the existence of higher order, or generalised, symmetries. Then, in Section 3, we show that (1) can be embedded in a 4-component system admitting an sl(3, R)−valued zerocurvature representation (ZCR) which generalizes an analog result of paper [32] . In Section 4 we investigate the existence of peakon and multi-peakon solutions of (1). Finally, our results are discussed in Section 5.
Symmetries and conservation laws of system (1)
In this section we collect the results of the search of classical and higher symmetries of system (1), as well as of low order conservation laws.
Classical and higher symmetries
By standard methods of symmetry analysis (see e.g. [4, 5, 6, 27, 36, 39] ) one can prove the following Theorem 1 When b = 2, the Lie algebra of classical symmetries of (1) is 3-dimensional with generators
On the contrary, for b = 2, Lie algebra of classical symmetries of (1) is 6-dimensional, with generators X 1 , X 2 , X 3 (where b = 2), and
with i = 5, 6 and 5 = 1, 6 = −1.
Therefore, by computing the flows of classical symmetries admitted by (1) one gets the following Corollary 1 Under the flows {A s i } of classical symmetries X i , i = 1, 2, ..., 6, where the s i 's denote the flow-parameters, solutions {u = u(x, t), v = v(x, t)} of (1) respectively transform to:
ln (−2s 6 + e 2x ) , t .
The special character suggested by Theorem 1 for the case b = 2 is further confirmed by the search of higher order (or generalised) symmetries. Indeed, we have not found any higher order symmetry for b = 2, whereas for b = 2 we found the following Theorem 2 When b = 2 system (1) admits higher order symmetries. Moreover, up to order 3, higher symmetries in evolutionary form
are described by the characteristics (or generating functions) Q = (φ, ψ):
where Q i = (φ i , ψ i ), for i = 1, ..., 6, are the characteristics of classical symmetries X i (see Theorem 1), whereas for i = 7, 8, 9 are given by
In particular, the corresponding Lie algebra structure is given by the non trivial Jacobi brackets
Theorem 2 provides important indications about the property of system (1) being symmetry-integrable when b = 2. Indeed, according to the terminology introduced in [28] (see also [14] ), Theorem 2 proves that system 1 is almost symmetry-integrable of depth at least 3. On the contrary, our computations up to order 3 did not provide any higher symmetry of (1) for b = 2. Thus, we conjecture that system (1) is symmetryintegrable only in the case b = 2.
Conservation laws
We recall that a 1-form Λ = P dx + Qdt is a local conservation law for (1), provided that dΛ ≡ 0 on the solutions of (1). Local conservation laws form a real vector space and we refer the reader to [1, 2, 39] for the general theory and more details on computation techniques.
In order to find local conservation laws of system (1), one has to satisfy the following Table 1 : Low order conservation laws for system (1) with b = 1 and b = 2.
Components of conserved vectors
where (ϕ, ψ) are the characteristics of the corresponding conservation laws. By performing all needed computations, for cases b = 1 and b = 2 with first order characteristics, we find the following Theorem 3 The space of nontrivial conservation laws with first order characteristics of system (1) is 1-dimensional for b = 1 and 5-dimensional for b = 2, with generators Λ = P dx + Qdt given in Table 1. 3. Embedding of (1) with b = 2 into a new 4-component system admitting an sl(3, R)−valued ZCR In this section we will consider the system (1) with b = 2, and rewrite it in the form
where
In the paper [15] the authors already considered this system and they found that it admits a zero-curvature representation (ZCR) which depends on a parameter λ, λ ∈ R\{0}. Their ZCR is not sl(3, R)−valued, nevertheless one can slightly modify their result and check that (5) also admits the sl(3,
Moreover, in the paper [32] has also been shown that (5) can be embedded in the following 4-component Camassa-Holm type hierarchy
and Γ is an arbitrary differentiable function of u i , v i and their partial derivatives with respect to x. As shown in [32] , system (6) generalises several well known Camassa-Holm type equations and admits a ZCR too. Like for [15] , also the ZCR originally considered in [32] for the system (6) is not sl(3, R)-valued. However, one can check that an sl(3, R)−valued ZCR for (6) is provided by
where λ ∈ R \ {0}.
The following result, which follows by direct computations, provides a generalisation of (6) and hence a further generalisation of (5).
Theorem 4 The four-component system
where m i , n i , f i , g i are given by
c 1 , c 2 , c 3 ∈ R and Γ is an arbitrary differentiable function of u i , v i and their derivatives with respect to x, admits the zero-curvature representation
System (6) is a particular instance of (7), and in general they are not contact equivalent. In the particular case of (5) this fact readily follows from the following Theorem 5 By choosing v 1 = v 2 = 0 and Γ = u 1 u 2 , system (7) reduces to the system
which is not contact equivalent to (5). In particular, (8) reduces to (5) when c 1 = 1, c 2 = 0.
Proof: The structure of the Lie algebra of classical symmetries of (8) depends on c 1 and c 2 . Indeed, by a direct computation one gets that the dimension of this Lie algebra is 4 when c 1 = 1, and 6 when c 1 = 1. In particular, when c 1 = 1 the Lie algebra is described by the characteristics S i = (φ i , ψ i ), with
and
In this first case the only non trivial Jacobi bracket is
On the contrary, when c 1 = 1 the Lie algebra is described by the previous characteristics S i = (φ i , ψ i ) for i = 1, 2, 3, 4, and by two further characteristics S 5 = (φ 5 , ψ 5 ) and S 6 = (φ 6 , ψ 6 ) given by
In this second case the only non trivial Jacobi brackets are
Thus the result follows by the invariance of symmetry algebras under contact transformations.
Multi-peakons
From now on, we assume that b is a positive integer, and make theänsatz that system (1) admits a superposition of peakon solutions of the form
where N and M are arbitrary positive integer numbers and p i , P i , q i and Q i are 2(N +M ) smooth functions of t. We omitted the explicit dependence on t for sake of simplicity. We shall denote derivative with respect to t as p i , P i , q i and Q i . In the distributional sense, see [38] for further details, we have the following results:
Thus, one can write the momenta and their derivatives as
Hence, by substituting (9), (10) and (11) into (1), integrating against all pair of test functions with compact support and making use of the regularisation sign (0) = 0, one gets that the functions p i , P i , q i and Q i evolve according to the system of ODEs
Obtaining a solution of the system (12) is in general a difficult task, however in the particular case when N = M , q j = Q j and p j = P j , system (12) reduces to
which is a result analogous to that obtained in [3] .
Although system (13) shows the consistency of our results with those previously known, it also reflects a noteworthy difference between the scalar case considered in [3] and the two component case of (1) . A particularly interesting manifestation of such differences is provided by the properties of 1-peakon solutions of system (1) which are discussed below.
When N = M = 1, after rearranging notations, system (12) reads
Thus, in view of (14), one has the following results.
Theorem 6 Assume that p, P, q and Q are smooth functions satisfying (14) , then
Proof: It follows from (14) by a direct computation.
Theorem 7 Assume that p, P, q and Q are smooth functions satisfying (14) , and assume that sign (q − Q) = 0, then
where κ is a constant.
Proof: It is enough to observe that p P b−1 = −p b−1 P .
Theorem 8
Assume that p, P, q and Q are smooth functions satisfying (14) , with b ∈ N, b = 2 and q = Q, then q = κ b t + x 0 , where κ and x 0 are arbitrary constants. Moreover for any odd b one has p = P = κ, whereas for any even b one has p = ±κ and P = κ.
Proof: It follows from (15) and the first equation of (14) . Theorem 8 gives us a complete characterisation of peakons for b ∈ N, b = 2 and q = Q. Indeed, by rearranging notations, if b is odd one has the solutions
On the other hand, if b = 2 is even, one has the following solutions
Notice that in the limit u = v the system inherits the same solutions of (2), however since u and v in (19) do not need to have the same signal one also has the solutions (u, v) = ±(c 1/b e −|x−ct−x 0 | , −c 1/b e −|x−ct−x 0 | ). A more interesting situation occurs when b = 2. Indeed, by Theorem 6 and 7, one gets pP = k and q = Q + x 0 , with x 0 a constant of integration. Therefore a straightforward integration of ODEs (14) leads to the following Theorem 9 When b = 2 the Cauchy problem for the system (14) , with the initial data p(0) = p 0 , P (0) = P 0 , q(0) = q 0 and Q(0) = Q 0 , has the unique solution
In view of Theorem 9, for each fixed t 0 system (1), with b = 2, admits solutions with shape ∝ e −|x| . Actually, the Cauchy problem
admits a pair of 1-peakon solutions (that is, N = M = 1 in (9)) given by
Let
A very quick calculation yields
for each t 0 and 1 ≤ p ≤ ∞.
Recalling that (22) is equivalent to (23).
Discussion
Our results in this paper show that the multidimensional generalisation (1) of the equation (2) From the point of view of Lie symmetries, when b = 2 system (1) has the same classical symmetry algebra of (2), as follows by comparing with the results obtained in [9, 3] . On the contrary, when b = 2, system (1) admits a 6-dimensional classical symmetry algebra which extends the 5-dimensional symmetry algebra admitted by the Novikov equation [7, 12, 3] . For instance, when b = 2 the system (2) acquires the symmetry generator X 4 in (4). Although at the level of point symmetries we have a minor change of behaviour of (1) when compared with (2), we begin to have better evidence of the differences when we look for higher order symmetries. In this direction, the only case we find such symmetries for system (1) is just b = 2, whereas equation (2), being integrable for b = 1 and b = 2, has higher order symmetries for these cases, see [8, 23, 35] . It has also been shown (see Theorem 4) that for b = 2 system (1) can be embedded in a 4-component system admitting an sl(3, R)−valued zero-curvature representation which generalizes a 4-component system found in [32] . Indeed, the 4-component system described in our paper is not contact equivalent to that obtained in [32] .
With respect to conserved quantities, it is known that equation (2) admits, for any positive integer value of b, the first integral (actually, a Hamiltonian for b = 1 and b = 2)
see [3, 8, 7, 10, 11, 23] . This integral corresponds to the Sobolev norm in H 1 (R) of the solutions u of (2). Therefore, it is natural to expect that the bilinear form
would be a first integral of (1). Notice that, for the scalar case, the integral (25) can be derived by using the multiplier u (in the sense of [1, 2, 3]) or the fact that (1) is strictly self-adjoint (in the sense of [24, 25] ). In the latter case, this first integral is derived from the scaling generator X b in (3), see [7, 10, 26] . According to Table 1 , the first integral (26) is derived as in the scalar case for b = 2. However, (26) is a first integral only for b = 2. Indeed, by multiplying the first equation of system (1) by v and the second by u, simple manipulations yield the following relation:
Hence, (27) provides a conservation law for (1) only for b = 2, since just for this value of b the right hand side of (27) is a total derivative with respect to x. Indeed, by computing the variational derivative of the right hand side of (27) one can see that this only happens for b = 2. In this case (27) can be rewritten as
Notice that in the degenerated case u = v equation (27) provides a conservation law for any value of b, since its right hand side is always a total derivative with respect to x.
Still about conserved quantities of (1), in [15] it was shown that system (1) with b = 2 has a Hamiltonian. In [30] and [31] it was also found a second Hamiltonian and proved that (1) with b = 2 has a bi-Hamiltonian structure.
Finally, the most intriguing differences between the system (1) and the scalar equation (2) concern peakon solutions. Multi-peakon solutions of (1) can be found by solving system (12) , which is in general a difficult task. However, 1-peakon solutions have been explicitly computed and show a noteworthy difference between 1-peakons of (1) and those of (2).
In the paper [15] the authors found the functions (23) as solutions for system (1) with b = 2. These functions are L p (R)−integrables, for each p, and, in particular, are in L 2 (R). However, we obtain a more general solution (22) which admits (23) as a particular case. These new solutions are 1-peakons with non-constant amplitude and non-conservative norms in view of (24) , unless x 0 = 0, which implies that q 0 and Q 0 are just the same as well as q(t) = Q(t), see Theorem 9.
It is worth to notice that, if x 0 = 0 in (22) , then either one of the functions u or v blows up when t → ∞. This can be easily checked in the case x 0 = q 0 > 0, p 0 P 0 > 0 and Q 0 = 0, since for curve t → x(t) = p 0 P 0 e −|q 0 | t one has |v(p 0 P 0 e −|q 0 | t, t)| → ∞ when t → ∞. This is another way to foresee that the norms of the solutions are not conserved. Particularly, they are not squared integrable solutions. However, in spite of this unboundedness, Theorem 7 entails that the integral (26) is bounded for these 1-peakons since uv, u x v x ∼ e −|x−p 0 P 0 t| .
